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Abstract
Microtubules (MTs) are protein polymers found in all eukaryotic cells. They
are crucial for normal cell development, providing structural support for the
cell and aiding in the transportation of proteins and organelles. In order
to perform these functions, MTs go through periods of relatively slow polymerization (growth) and very fast depolymerization (shortening), where the
switch from growth to shortening is called a catastrophe and the switch from
shortening to growth is called a rescue. Although MT dynamic instability
has traditionally been described solely in terms of growth and shortening,
MTs have been shown to pause for extended periods of time, however the
reason for pausing is not well understood. Here, we present a novel mathematical model to describe MT dynamics in terms of growth, shortening, and
pausing. Typically, MT dynamics are defined by four key parameters which
include the MT growth rate, shortening rate, frequency of catastrophe, and
the frequency of rescue. Here, we derive a mathematical expression for the
catastrophe frequency in the presence and absence of pausing, as well as expressions to describe the total time that MTs spend in a state of growth,
pause, and shortening. In addition to exploring MT dynamics in a controllike setting, we explore the implicit effect of stabilizing MT associated proteins (MAPs) and stabilizing and destabilizing chemotherapeutic drugs that
target MTs on MT dynamics through variations in model parameters.
Keywords: Modeling Microtubule Dynamics, Paused State, MAPs,
Hyperbolic Systems, PDEs
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1. Introduction
Microtubules (MTs) are protein polymers found in all eukaryotic cells.
They are crucial for many cellular processes including cell movement, cell
differentiation, and cell division. During cell division [31], MTs help provide
the force required to pull two daughter cells apart, and help to properly
segregate a cells genetic material [34]. During cell movement, MT network
polarity helps to control the spatial and temporal coordination of migration
events, contributing to persistent directed cell migration [10].
MTs are polarized polymers composed of α−β-tubulin heterodimers [31].
In most animal cells, MTs grow from the centrosome of the cell, where they
are nucleated and capped at their minus end (the end where the majority
of α-tubulin is exposed). Their minus ends are often static, while their plus
ends (the end where the majority of the β-tubulin is exposed), are more
dynamic and grow through the addition of guanosine triphosphate (GTP)bound tubulin dimers. GTP hydrolysis and phosphate release at the growing
plus end of the MT leads to the formation of a distinct guanosine-diphosphate
(GDP) region at the back of a growing MT and a stabilizing GTP region at
the growing front, referred to as the stabilizing GTP cap [7]. If GTP-tubulin
addition at the front end of the MT is faster than hydrolysis, the MT will
continue to grow. However, if hydrolysis catches up with the growing front,
the stabilizing GTP cap is lost and the MT quickly depolymerizes, leading
to a catastrophe event. As a MT shortens, it may completely depolymerize
or it might be rescued and switch back into a state of growing.
Typical MT dynamics are characterized by periods of relatively slow polymerization (growth), followed by very fast depolymerization (catastrophe
events) [7]. This slow growth and relative fast shortening is unique to MTs,
and is referred to as dynamic instability [23]. MT dynamic instability has historically been empirically described by four key parameters: The MT growth
rate, shortening rate, catastrophe frequency, and rescue frequency [1]. However, aside from growth and shortening, some experimental studies suggest
that MTs may also undergo periods of pausing, and the reasons for this
are largely unknown [32]. Consequently few studies have been carried out
concerning the importance of the regulation of this dynamic state. Nevertheless, recent data suggests a broad role of the pause state for MT behaviour
and that the regulation of this state by cellular factors such as MT associated proteins(MAPs) may play essential roles in cellular physiology [2].
Here, we explore a description of MT dynamics which not only takes growth,
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shortening, catastrophe, and rescue into account, but also MT pausing. In
particular, in addition to the above mentioned dynamic parameters, we also
explore MT dynamics in terms of their pausing frequency (transitions from a
growth to paused state), as well as their time spent in the paused state. To
date, there are few (if any) mathematical studies that aim to add pausing to
a theoretical description of MT dynamics.
In early in vitro experiments, the dynamics of individual MTs (grown
from prepared seed), were analyzed for varying concentrations of free GTPtubulin. In particular, for purified tubulin concentrations between 7 and 15.5
µM, MT growth and shortening phases were observed (as is expected). However, periods of pausing were also observed, although these periods were very
short relative to the time scale of growth and shortening (making up < 1%
of the total time period analyzed) [32]. Unlike these in vitro experiments, in
cells MTs can exhibit significantly longer periods of pausing [30, 29], along
with the normal dynamical transitions between growth and shortening. However, the nature of these pausing states is poorly understood, likely having to
do with the presence of some cellular factors that either dampen or block MT
dynamics. Examples of cellular factors that can alter MT dynamics include
MT motors (e.g., kinesins and dyneins), as well as other MT associated proteins (MAPs) that lack motor activity. Both classes of proteins interact along
MTs or at their ends, affecting MT dynamics in various ways [30]. As an
example, kinesin-4 (KIF21B) is a processive motor (staying attached to MTs
for long periods of time), that walks along MTs towards their plus ends. At
the plus end kinesin-4 accumulates and induces pausing there [30]. A second
example, which includes a combination of five Drosophila melanogaster proteins: EB1, XMAP215Msps , Sentin, kinesin − 13Klp10A , and CLASPMast/Orbit ,
have been found to work together to promote MT pausing in vitro [24].
Many computational and theoretical models have been developed to describe MT growth and shortening at the plus ends of MTs [5, 8, 12, 13, 16, 20,
22, 3, 33, 17], where computational models aim to describe these processes at
the micro-scale, by modeling the addition and subtraction of the individual
tubulin dimers [5, 20, 12, 13]. The theoretical models describe MT dynamics
at the population level, where the models look at the densities of growing
and shortening MTs of varying length over time [8, 22, 16, 3, 33, 17]. To our
knowledge, the only model (computational in nature) which has been developed to explore MT dynamics in terms of growth, shortening, and pausing
(at a boundary) is that by Ebbinghaus et al. [9]. In [9], pausing is incorporated at the boundary through so-called rescue proteins which attach
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to the cap region close to the cell cortex. Such rescue proteins allow the
MT to pause/become stabilized for some period of time before shortening.
In addition, new work has shown, through high resolution microscopy and
agent-based models, that the classical two-state model of growth and shortening does not adequately describe the more robust dynamics of MTs, and
in particular the existence of a paused state [19].
We propose a new theoretical model for MT dynamics which accounts for
growth, shortening, nucleation (the event that initiates formation of MTs),
and MT pause. Here, we consider a population of non-interacting MTs
which are dynamic only at their plus ends (similar to MTs growing from a
centrosome in vivo and from seeds in vitro). We model the time evolution
of distributions of growing, shortening, and pausing MTs using a system of
three partial differential equations (PDEs), and we couple this to a system of
ordinary differential equations (ODEs) which describes the time evolution of
free GTP- and GDP-tubulin populations. This model is a direct extension of
that developed by Hinow et al. [16] and White et al. [33]. Similar to the work
of [16], growth and shortening are described using advection-type processes.
In addition, similar to the work of [33], expressions are derived, using the
method of characteristics, to define time-based catastrophe frequencies in the
presence and absence of pausing. New extensions include a description of MT
pause, where MTs enter a pausing state from the growing state according to
some fixed transition frequency C. In addition to incorporating a paused
state into the model, a new expression for time-based catastrophe is defined,
that incorporates catastrophes from both growing and paused states. It
is important to note that C represents transitioning of MTs to a paused
state. That is, C describes the average number of transitions that MTs
make into a paused state over a specified time period (a full description of C
can be found in the model assumptions). MTs remain in a paused state until
their GTP cap is lost, after which they enter the GDP-tubulin compartment
(i.e., undergo a complete catastrophe). When MTs undergo a catastrophe
event (either a complete catastrophe from the paused state or a non-complete
catastrophe whereby shortening MTs are rescued), free-GDP tubulin is lost
from polymerized MTs and is recycled back into free-GTP tubulin, which
is then added back to the growing MT population. A schematic of the full
model is given in Figure 1.
The overview of the paper is as follows: in Section 2, we describe the
model assumptions and develop a model for MT dynamics that accounts for
MTs in growing, shortening, and paused states, as well as free-tubulin popu4
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Figure 1: Schematic representation of the MT dynamic cycle. MTs grow (along x-axis),
and when the lose their cap (z = 0) they can undergo a catastrophe and shorten, releasing
free-GDP tubulin back into the system. Free GDP-tubulin is recycled back into freeGTP tubulin and incorporated back into growing MTs via rescue. MTs can pause at any
location in the domain, and completely depolymerize after losing their GTP cap in the
paused state, entering into the free-GDP compartment.

lations. We derive a new expression for the MT catastrophe frequency in the
absence and presence of a paused state, as well as expressions for the total
time that MTs spend in growing, paused, and shortening states. In Section
3, we describe base-case simulation results for MT dynamics, using MT dynamic parameters taken from literature, and observe oscillating populations
of tubulin in both free and polymerized form. In addition to exploring MT
dynamics in a control-like setting (which we refer to as the basecase), we
describe how variations in model parameters, such as the growth parameter,
the number of transitions to a paused state, the shortening rate, and the hydrolysis rate, alter the MT dynamics in terms of the catastrophe frequency
and the time spent in a paused state. We describe how these results might
be connected with the action of certain MT associated proteins (MAPs), as
well as certain classes of chemotherapeutic MT targeting drugs. Finally, in
Section 4, we discuss the main results of our model simulations. One key
result we show is that, by adding a small amount of pausing to the system,
MT dynamics increases, as described by an increase in catastrophe frequency
and stimulated oscillations.
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2. Modeling framework
Here, we outline our model to describe MT dynamics in systems comprised solely of tubulin (free and polymerized forms). First, in Section 2.1,
we outline the model assumptions, and then in Section 2.2, we provide details
for the construction of the model based on the assumptions stated in Section
2.1.
2.1. Model Assumptions
We first state model assumptions (A1) through (A7), and provide mathematical and biological reasoning for each:
(A1) MTs cannot grow below a critical GTP-tubulin concentration, above
which the MT growth rate increases linearly with increasing GTP-tubulin
concentration (this type of dynamics is observed experimentally [32]). Here
p(t) represents the GTP-tubulin concentration at time t, and the MT growth
rate γ poly (p(t)) is given by
(
0
when p ≤ pc
γ poly (p(t)) =
(1)
α(p(t) − pc ) when p > pc ,
where α is the growth rate parameter and pc is the critical tubulin concentration below which MTs can not grow. A description of all model parameters,
as well as ranges for their values, is found in Table 1.
(A2) MT hydrolysis is a complicated process, and there are a number of theories describing how the process might work. Coupled hydrolysis refers to the
process by which hydrolysis is stimulated as soon as a GTP-tubulin dimer
is added to a growing MT, while vectorial hydrolysis refers to the process
by which hydrolysis is stimulated at the boundary between the GDP and
GTP zone along a growing MT. Random hydrolysis (combined with coupled
or vectorial hydrolysis) has also been considered [4, 32]. Here, we assume
that the MT hydrolysis rate γ h is kept constant and is a vectorial process.
Experimental ranges for γ h are found in Table 1.
(A3) When the MT hydrolysis rate is smaller than the (time varying) MT
growth rate, a MT continues to grow. When the hydrolysis rate is larger
than the MT growth rate, a MT can undergo a catastrophe event, leading to
6

MT shortening. The difference between the growth rate and the hydrolysis
rate is denoted by γ poly (p(t)) − γ h = R(t), and describes the rate of change
of the MT cap region.
(A4) MTs shorten at a constant rate δ. In experiments the shortening rate of
MTs are found to be independent to changes in tubulin concentration [32, 11].
(A5) A MT transitions into the pausing state from the growing state with
transition frequency C. The transition frequency C refers to the average
number of transitions to a paused state from a growth state over a specified
period of time such that we can define the number of pause transitions Ntr
as
Ntr = C × Tsim ,
where Tsim denotes the total simulation time. Figure 2 shows two kymographs with the left kymograph representative of low C (and hence smaller
numbers of transitions).

Figure 2: Kymographs illustrating in vitro dynamics of MTs from experiment in [30].
Left:fewer pause events (Ntr ≈ 2) and Right: more pause events (Ntr ≈ 5).

(A6) MTs do not interact with each other and are only dynamic at their plus
end. This is representative of a system where MTs grow from seeds, perpendicular to some seeded substrate in vitro, or MTs growing out radially from
7

a centrosomeal configuration in vivo [8].
(A7) MTs can be rescued with propensity λ after depolymerization. Here,
rescues are assumed to be independent of tubulin concentration [11], and are
assumed to be end-driven (occurring closer to the MT nucleation site) and
stochastic in nature. In a study by Fees et al. [11], the authors suggest that
such rescue events, which are not well understood, are likely due to “lattice
effects” or “GTP islands” that exist within the lattice, helping to promote
rescue. The occurrence of such GTP islands, and mechanisms behind their
existence have been studied by [6], and have been modeled by [17].
Parameter
Critical tubulin concentration pc
Rescue propensity λ
Growth parameter α
Polymerization rate γ poly
Hydrolysis rate γ h
Rate of change of cap size R(t)
Shortening rate δ
Nucleation rate µ
GDP to GTP exchange rate κ
Transition Frequency C
Number of transitions Ntr

Value
0 − 5 µM [21, 32]
3 − 10 min−1 [18]
0.5 − 15 µM−1 min−1 [32, 16, 3]
0.5 − 4 µm min−1 [32, 3]
3 − 10 µm min−1 [3, 16]
γ poly − γ h
3 − 36 µm min−1 [26, 32, 11]
5.9 × 10−3 µM−1 min−1 [16]
0.5 − 10 min−1 [16]
0 − 1 min−1 [This paper]
0 − 7.5 transitions [This paper]

Table 1: Table of model parameters, their ranges, and sources.

2.2. PDE model for polymerized tubulin populations
Here we describe the model formulation, which is based off the work of Hinow
et al. [16] and more recently by White et al. [33]. We use a partial differential
equation (PDE) model, given by equations (2), (3), and (4), to describe the
time evolution of growing MTs u(x, z, t) of length x, cap size z, at time t,
shortening MTs v(x, t) of length x at time t, and pausing MTs Q(x, z, t) of
length x, cap size z, at time t. The dynamics of growing MTs are described
by the equation (2), where MT growth is described as an advection process
such that MTs grow in the x direction at a rate γ poly (p(t)), proportional
to the GTP-tubulin concentration p (recall the description of MT growth
described in (A1)). The MT cap size changes according to an advective
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process in the z direction, where the advection speed R(t) is the difference
between the growth rate γ poly (p(t)) and the constant hydrolysis rate γ h (i.e.,
R(t) = γ poly (p(t)) − γ h ).
∂u
∂u
∂u(x, z, t)
+ γ poly (p)
+ (γ poly (p) − γ h )
= −Cu
∂t
∂x(
∂z
λv
if R(t) ≥ 0
∂v(x, t)
∂v
−δ
=−
∂t
∂x
R(t)u(x, 0, t) if R(t) < 0
∂Q
∂Q(x, z, t)
− γh
= Cu,
∂t
∂z

(2)
(3)
(4)

The MT cap grows in z when R(t) ≥ 0 and shortens when R(t) < 0. Finally,
the term on the right side of equation (2) describes MTs that enter a paused
state with transition frequency C.
The dynamics of shortening MTs are described by equation (3), where
MTs shorten at a constant rate δ along the x direction, and can be rescued
at a rescue propensity λ (entering back to the growing state via a boundary
condition described in Section 2.2.1). Further, growing MTs that undergo a
catastrophe (have cap size z = 0 when R(t) < 0) enter the shortening state.
Finally, the dynamics of pausing MTs is described by equation (4), where
MTs enter the paused state with transition frequency C from a growing state.
In the paused state, the MT length remains fixed at the length at which it
entered this state, and the MT cap size z shortens at the constant hydrolysis
rate γ h . We assume that MTs remain in the pausing state until they lose their
GTP cap. Once that happens a complete catastrophe occurs (MT shorten
instantaneously) and the MT completely depolymerizes to free GDP-tubulin,
entering the free GDP-tubulin state q as described by equation (11) in what
follows.
2.2.1. Boundary conditions for PDE system
We define the boundary conditions for the PDEs given by equations (2),
(3), and (4) by considering the state space Σ = {(x, z) ∈ R2 : x ≥ z ≥ 0}
with boundaries Γ1 = {(x, z) ∈ Σ : z = 0} , Γ2 = {(x, z) ∈ Σ : x = z}. The
schematic of the domain, including these boundaries, is described by Figure
1.
On the boundary Γ2 , we define a nucleation boundary condition for

9

growing MTs u. In particular, we define the condition
µpn ξ(x)
γ u(x, x, t) =
,
L∗
h

(5)

where the rate of nucleation is given by µ > 0 [16], n refers to the number of
tubulin heterdimers needed for nucleation (we set n=2), and the function ξ(x)
is the length distribution of freshly nucleated MTs where we approximate it
as a heavy side function defined for small MT length x such that
ξ(x) = 1 − H(x, xmax ),

(6)

since newly formed MTs generally consist of a very small number of tubulin
dimers [28]. Parameter xmax describes the largest length of a freshly nucleated MT (also small) and we set xmax = 0.5 µm. Finally, the average length
of nucleated MTs is given by
Z ∞
∗
L =
ξ(x)xdx.
(7)
0

Along the boundary Γ2 we prescribe a no-flux condition for pausing MTs
Q,
∂Q(x, z, t)
∂z

=0

(8)

z=x

such that MTs with cap-size equal to their length do not escape the system.
Finally, we consider the boundary Γ1 when R(t) ≥ 0. Along this boundary
we describe a rescue boundary condition for u, such that MTs that do
not have GTP cap are rescued according to the boundary condition
R(t)u(x, 0, t) = λv(x, t). for R(t) ≥ 0,

(9)

Parameter λ refers to the rescue propensity at which shortening MTs re-enter
the growing state [16, 33].
2.3. ODE model for free-tubulin populations
The temporal dynamics of the free-GTP tubulin p(t) and free-GDP tubulin
q(t) concentrations are described by equations (10) and (11), respectively.
Z ∞Z x
dp
poly
= −γ (p)
u(x, z, t)dzdx − µp2 + κq
(10)
dt
0
0
10

dq
=δ
dt

Z

∞

v(x, t)dx − κq + γ
0

h

Z

∞

Q(x, 0, t)xdx

(11)

0

The first term on the right-hand side of equation (10) describes the uptake
of free-GTP tubulin p as a MT grows, while the second term describes freeGTP tubulin used in the nucleation process. The final term is added to
describe the exchange of free-GDP tubulin to free-GTP tubulin, where κ
describes the rate of biochemical pumping as GDP tubulin is converted to
GTP tubulin. Finally, the first term in equation (11) describes all free-GDP
tubulin q that comes from a shortening event while the second term describes
the GDP/GTP exchange. The last term in equation (11) describes the freeGDP tubulin that comes from the pause state Q (those paused MTs that
have lost their GTP cap such that z = 0).
All terms (except those describing GDP/GTP exchange) from equations
(10) and (11) are derived from a conservation property, as described in detail
in the appendix of this paper. In particular, we assume that the total tubulin
in free and polymer form is conserved such that no tubulin is gained or lost.
All model parameters, their values, and sources are summarized in Table 1.
2.4. Calculating catastrophe frequency fc when paused state incorporated
In previous works, the key dynamic parameters that help to describe MT
dynamics include (1) the catastrophe frequency, (2) the rescue frequency,
(3) the MT growth rate, and (4) the MT shortening rate. In our model,
the MT shortening rate δ and rescue propensity λ are model inputs and
specified at the beginning of a simulation. In addition, the MT growth rate
γ poly (p) is dependent on the free-GTP tubulin population p, as described by
equation (1). Here, we expand on the work of White et al. [33] to include
a pausing state, for which we include new dynamic parameters, specifically
we include (1) the transition to pause frequency C, and a new expression for
the catastrophe frequency f˜c that incorporates both catastrophe from growth
and paused states (an expansion of the catastrophe frequency derived in [33]).
Catastrophe without pause: In [33], the authors derive a mathematical
definition for catastrophe frequency, which is based on an experimental definition for catastrophe frequency in the absence of pause, outlined by Walker
et al. and others [32]. In particular, time-based catastrophe for a single MT
is described as:
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fc =

the number of catastrophe events
total time for which a MT spends in the growing state

For this experimental description, the mean catastrophe frequency is calculated by averaging over the catastrophe frequencies for many MTs within
a single experiment. Figure 3 illustrates a schematic of single MT growing
over time, where in this drawing we highlight a MT undergoing 3 catastrophe
events over a given time period. Here, the ti ’s correspond to growing times.
Using the experimental definition for catastrophe frequency we arrive at

Figure 3: Schematic of MT growth over time. Blue illustrates time periods for which a MT
spends growing before a catastrophe and the red dots correspond to catastrophe events.

fc =

3
t1 + t2 + t3

In [33], the author suggests that in the absence of pause, catastrophes
can occur in states for which the hydrolysis rate is faster than the growth
rate (i.e., when R(t) < 0) such that there may be multiple time intervals for
which catastrophe frequencies can be calculated. Figure 4(a) illustrates the
curve R(t) for a generic simulation, and highlights the fact the R(t) < 0 on
a handful of time intervals.
If we denote the time intervals for which R(t) < 0 as Ii , where i = 1, 2, 3,
and so on (more i′ s appear in the calculation for longer simulations) and we
define u(x, 0, t) to be the number density of growing MTs that undergo a
catastrophe at time t when R(t) < 0 (since cap size z = 0), we can define
the catastrophe frequency with respect to time, fc as
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Figure 4: Time evolution of R(t) = γ(p(t)) − γ h : (a) R(t) ≥ 0 implies that the system
is in a state of growing and rescues can occur, and R(t) < 0 implies and the system is
in a state of shrinking, and catastrophes can occur. Here, we’ve indicated 3 regions for
which R(t) < 0, I1 , I2 , and I3 , respectively. After I3 , there are no more intervals for which
R(t) ≥ 0, and hence we can not define any more rescue times for this simulation.(b)
description for how growing time is calculated by the time interval associated with the
integral of the shaded region equating to zero.

N
1 X
fc =
N i=1

R

R∞
1
u(x, 0, t)dxdt
Ii Tgrow (t) 0
R R∞
u(x, 0, t)dxdt
Ii 0

(12)

where N is the number of time intervals for which R(t) < 0 (N = i max)
and Ii is the ith time interval for which R(t) < 0. The growing time Tgrow (t)
is determined from the characteristic equation for cap-size z in the no pause
case derived from the equation for u below (C = 0). We outline how to
calculate Tgrow (t) from [33] and provide some brief details here for consistency
in the paper. We refer the reader to [33] for a full derivation of catastrophe
frequency without pause.
∂u(x, z, t)
∂u(x, z, t)
∂u(x, z, t)
+ γ poly (p(t))
+ (γ poly (p(t)) − γ h )
=0
∂t
∂x
∂z
From the above equation of growth with no pause, the characteristic equation
for MT-cap size z is
13

dz
= R(t)
dt
Solving this equation for z(t) gives
Z t
R(s)ds.
z(t) = z(t0 ) +

(13)

(14)

t0

where z(t0 ) is the “initial” value for z, and we consider this to be the time at
which a rescue takes place such that R(t) ≥ 0 and z(t0 ) = 0. Now, since we
know a catastrophe would occur at a later time t where R(t) < 0 and z(t) = 0,
starting at the rescue time t0 we trace forward along the characteristic curve
z(t) to the catastrophe time t. Substituting z(t0 ) and z(t) into (14) we arrive
at
Z
t

z(t) − z(t0 ) =

R(s)ds

(15)

t0

and since z(t0 ) = z(t̄) = 0, we have
Z

t

R(s)ds = 0.

(16)

t0

Finally, we define
Tgrow (t̄) = t̄ − t0 ,

(17)

as the grow time for catastrophe events happening at t̄. In Figure 4(b), we
illustrate an example for numerically determining the growing time Tgrow (t̄)
by integrating R(t) over the indicated time period (i.e., by adding together
the shaded pink regions in the graph of R(t) in Figure 4(b). To determine the
total grow time of MTs over the entire time course of the simulation (Tsim )
we write,
Z Tsim
T̄grow =
Tgrow (t̄)dt̄.
(18)
0

Catastrophe with pause: To account for the subset of MTs that undergo
pausing before a catastrophe event, we use a slightly modified definition of
catastrophe frequency (different from (12)). This is because there are two
sets of MTs that can undergo catastrophe; the first being those that undergo
catastrophe directly from a growing state when their cap size is zero and
14

R(t) < 0, and a second being those that undergo catastrophe from a paused
state after losing their stabilizing GTP cap.
Here, we define the catastrophe frequency with pause as the sum of the
catastrophes that occur after growing and those that occur after pausing,
divided by the total time a MT spends in either the growing or pausing
phase. In other words, the time-based catastrophe frequency with pause is
given by,
the number of catastrophe events from growing and pause
f˜c =
total time for which a MT spends growing and pausing
Written more formally we have,
R T max
1
(A + B)dt
Tgrow (t)+Tpause (t)
0
˜
fc =
R T max
(A + B)dt
0
where

Z

∞

u(x, 0, t)dx,

A=

(19)

when R(t) < 0,

(20)

0

Z

∞

Q(x, 0, t)dx,

B=

(21)

0

and Q(x, 0, t) refers to the number density of MTs that undergo a catastrophe
after pausing at length x and lossing their cap (z = 0). Note that we do not
require R(t) < 0 in the expression for B since MTs can undergo a catastrophe
at any instance in time from the paused state.
From the previous section, we derived the expression for time spent growing before catastrophe, Tgrow (t). Here, we define a expression for the time
spent in the pause state, Tpause (t). Making use of the pause equation (4)
∂Q(x, z, t)
∂Q
− γh
= Cu,
∂t
∂z
the characteristic equation for cap size z is can be written as
dz
= −γ h .
(22)
dt
Solving this equation using an initial condition z(0) = z(t∗ ), where t∗ is the
time a MT enters the pause state we arrive at
15

Z

∗

t

z(t) = z(t ) +

−γ h ds,

(23)

t∗

where z(t) − z(t∗ ) is the length of the MT GTP cap at some time t after
entering the pause state at time t∗ . Since MTs only exit the pause state
when the cap size z = 0, we define z(texit ) = 0 at exit time texit and write
Z texit
∗
z(t ) =
γ h ds,
(24)
t∗

where we define the MT pause time as
Tpause (t∗ ) = texit − t∗ .
Since
z(t∗ ) = (texit − t∗ )γ h ,
as γ h is constant, we arrive at the expression
Tpause (t∗ ) = z(t∗ )/γ h .

(25)

To determine the total pause time over the entire time course of the simulation (Tsim ) we write
Z Tsim
Tpause (t∗ )dt∗ .
(26)
T̄pause =
0

3. Results
In this section we describe MT dynamic behavior in the case where there
are no transitions to the pause state such that Ntr = 0 (pausing frequency
C = 0), and when we apply pausing transitions to the system (letting Ntr
be small, moderate, or large). After adding pausing to the system, through
addition of the pausing frequency parameter C = Ntr ×Tsim , we describe MT
dynamics in terms of the catastrophe frequency f˜c , derived by considering
catastrophes from both paused and growth states, and explore the total time
that MTs spend in each state (growth, paused, and shortening states). That
is, we determine the total time spent in the paused state T̄pause (from equation
(26)), the total time spent in the growth state (from equation (18)), and the
total time spent in the shortening state by writing
16

T̄short = Tsim − T̄pause − T̄grow ,
where Tsim is the entire time of simulation. Here, we are making the assumption that MTs are always in one of the three polymerized states.
For the complete system of equations given by equations (2), (3), (4),
(10), and (11), we simulate our model using the following initial conditions:
u(x, z, 0) = 0
v(x, 0) = 0
Q(x, z, 0) = 0
p(0) = 15µM
q(0) = 0
.
That is, we assume our system is initially comprised of only free GTP-tubulin,
such that MT dynamics are initiated through the process of nucleation. Since
the polymer populations include descriptions for length, we convert each to
concentrations by defining:
∞

Z

x

Z

u(t) =

u(x, z, t)xdzdx = Total tubulin in growing MTs,
0

0
∞

Z

v(x, t)xdx = Total tubulin in shortening MTs,

v(t) =
0

and
Z

∞

Z

Q(t) =

x

Q(x, z, t)xdzdx = Total tubulin in pausing MTs.
0

0

By converting the polymerized system (which includes descriptions of polymer length) in terms of concentrations, we can illustrate the time trajectories
for the entire system in terms of tubulin concentrations for both polymerized
tubulin and free-tubulin populations. Table 2 summarizes all variables for
the tubulin populations.
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In Figure 5 we illustrate how tubulin from polymerized MTs, ū v̄, and Q̄,
in addition to free-tubulin populations p and q, evolve over time (note that
Q̄ is zero when Ntr = 0 since there is no pause; i.e., C = 0). The baseline
model parameters for each simulation are summarized in Table 3, and are
selected from experimental parameter ranges described in Table 1.

Figure 5: Time evolution of tubulin in growing ū, shrinking v̄, pausing Q̄, and free tubulin
states p and q (units in µM ) for the baseline parameters described in Table 3. Left:
Ntr = 0 (no pause) and catastrophe frequency f˜c is near 0 (3.434 × 10−7 min−1 ). Right:
pausing transition is Ntr = 1.5 and catastrophe frequency f˜c = 1.6354 min−1 . Here we
note that MTs oscillate between different populations in each case, where the frequency
of oscillations increases slightly as a incorporate pausing to the system.

Variable
u(t)
v(t)
Q(t)
p(t)
q(t)

Value
concentration of tubulin in growing MTs at time t (µM)
concentration of tubulin in shrinking MTs at time t (µM)
concentration of tubulin in pausing MTs time t (µM)
Free GTP-tubulin concentration at time t (µM)
Free GDP-tubulin concentration at time t (µM)
Table 2: Table of time dependent model variables.

From Figure 5(left), we see that as the system is initially comprised of
only free-GTP tubulin (green curve), free-GTP immediately drops off being
used to promote nucleation and then MT growth. MT growth starts early
18

Parameter
pc
p(0)
α
γh
C
Ntr
δ
λ
µ
κ

SI units
µM
µM
µm min−1 µM−1
µm min−1
min−1
dimensionless
µm min−1
min−1
M−1 min−1
min−1

Baseline value
2
15
2.5
6
0 or 0.1
0 or 1.5
20
0.136
5.9× 103
1

Table 3: Basecase model parameters for simulations shown in Figure 5. All parameter
variations are also varied from this basecase set.

on (described by the red curve), peaking at about 3 minutes and then settling into an oscillatory state. Following the initial period of growth, MTs
enter the shortening phase (described by the dark blue curve) and depolymerization occurs due to GTP hydrolysis and subsequent catastrophe. These
shortening MTs release hydrolysed free-GDP tubulin back into the system
(described by the cyan curve) and GDP is quickly converted back to free
GTP-tubulin (described by the green curve). Due to the positive (non-zero)
rates of nucleation (µ), pumping (κ), and rescue propensity (λ), we do not
see complete depolymerization of MTs, and in fact we see sustained oscillations, which is characteristic of many MT systems. If, for example, the rescue
propensity was set to zero, the system would eventually break down into just
free-GTP and free-GDP tubulin (result not shown here, but a similar result
is described in [16]). Also, we observe that the addition of pause, by setting
the pausing transition to a small number Ntr = 1.5 (Figure 5(right)), stimulates MT dynamics in the sense that the tubulin populations oscillate with
greater frequency (paused state shown by black curve) and the catastrophe
frequency increases from close to zero to f˜c = 1.6354 min−1 . This gives an
indication that small transition numbers (into a paused state) might play an
important role in MT dynamics in the sense that MT dynamics are stimulated (as shown by increased oscillations and the increase in the catastrophe
frequency). We should note that different base-case parameter sets tested
give different catastrophe frequencies, but the same qualitative features hold

19

when increasing Ntr from zero across all these parameter sets. In particular,
when adding a small amount of pausing to the system we always observe a
significant increase in catastrophe frequency and an increase in the frequency
of oscillations (results not shown).

3.1. Implicit affect of MAPs and MT chemotherapeutic drugs on MT dynamics
Next we examine how alterations in model parameters affect MT dynamics in terms of changes in the catastrophe frequency and the duration of time
spent in each of the growing, paused, and shortening states. First, in Section
3.1.1 we vary the growth parameter α, in Section 3.1.2 we vary the shortening
rate δ, and in Section 3.1.3 we vary the hydrolysis rate γ h . In addition to all
these parameter variations, we also vary the pause transition parameter Ntr
in each section.
3.1.1. varying Ntr and growth parameter α
We first explore the catastrophe frequency (equation (19)) and the total
pause duration (equation (26)) as we vary the transition to pause number
Ntr and the growth parameter α. We note that for a fixed pause transition
number Ntr , increasing α has the effect of decreasing the catastrophe frequency (see first column in Table 4 highlighted in cyan), and we note that
MTs remain in a state of pause longer as α is increased (see the first row in
Table 5 highlighted in cyan). Both these features are qualitatively similar to
the effects of certain classes of MAPs, and the the effects of MT stabilizing
drugs.
Groups of MAPs that act as MT stabilizers (examples include +TIPs,
MT plus-end tracking proteins) are known to specifically bind to growing MT
plus ends to promote polymerization and stabilization [27]. MT stabilizing
drugs include drugs that bind to the taxane site, including paclitaxel (taxol),
docetaxel (taxotere), and taxol analogs [27, 35]. These drugs are commonly
used as cytotoxic agents targeting a variety of tumors. Their cytotoxic effect
has been attributed to their ability to bind to tubulin and stabilize protofilaments, which leads to MT over-polymerization, and ultimately cell death.
Not only do the addition of such drugs decrease catastrophe frequency and
increase pause time (like +TIPs described above), but their addition often
results in an overall shorter population of polymerized MTs [15, 25].
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α=2
α = 2.5
α = 3.0
α = 3.5

Catastrophe Frequency
Ntr = 1.5 Ntr = 3 Ntr = 4.5 Ntr = 6
1.1868
1.6596
0.8436
0.8917
1.6354
1.1348
0.7537
0.7927
1.0896
1.5987
0.6919
0.7253
1.0891
0.6461
0.6496
0.6710

Ntr = 7.5
1.0614
0.9207
0.8096
0.7369

Table 4: Catastrophe frequency f˜c for varying growth rate parameter α and transition
number Ntr .

α=2
α = 2.5
α = 3.0
α = 3.5

Pause Duration (%
Ntr = 1.5 Ntr = 3
2.2227
4.647
3.43
7.2227
4.664
9.783
5.8873
12.2027

of Simulation time)
Ntr = 4.5 Ntr = 6 Ntr = 7.5
7.258
9.6027
11.356
11.042
14.0813 16.2353
14.54
18.108
20.5747
17.6773
21.656
24.373

Table 5: Pause duration (as a percent of simulation time) for varying growth rate
parameter α and transition number Ntr . Note, when we fix α = 2.5 the percentage of
pause in each simulation (15 minutes) increases from 3.42% to 16.2% as Ntr is increased.

The result of shortened polymers can be seen by looking at Figure 6. Here
we see for the base-case parameter set that increases in Ntr result in reductions of the polymerized MT populations and increases in the free tubulin
populations. These results are also consistent with Table 6 where we see that
increases in pause transitiona number Ntr leads to smaller polymerized populations (less growing MTs but more shortening and pausing MTs as pausing
is increased).
Figure 7 is a visual of fixed Ntr = 1.5 for increasing α. In particular,
we can note the suppression of MT dynamics (shown by flattening of polymerized MTs population curves in red, black and blue), where the paused
MT population increases (black curves). This is consistent with the increase
in pause duration noted in Table 5. However, we note that the amount of
tubulin in the growing population remains relatively constant. This results
could be more consistent with the effects of stabilizing MAPs, as opposed to
the stabilizing taxans.
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Figure 6: Time evolution of tubulin in each state (polymerized and free tubulin) for
variation in the numer of transitions into the pause state, Ntr . (Top left, Ntr = 1.5; Top
right, Ntr = 3; bottom left, Ntr = 4.5; bottom right, Ntr = 6). The other parameters are
the basecase parameters recorded in Table 3. Here, we note that the total polymerized
MTs in a state of growing decreases (red curve), and overall there is more free tubulin
(green and cyan curves) in the system (as opposed to polymerized tubulin).

3.1.2. varying Ntr and shortening rate δ
We next explore the catastrophe frequency and the total pause duration
as we vary the transition number Ntr and the shortening rate δ. We note
that for fixed values of Ntr (e.g., Ntr = 1.5) (see column highlighted in yellow
in Table 7) there is little to no change in the catastrophe frequency as δ is
varied. Also, for fixed δ = 20 (see row highlighted in yellow in Table 8),
MTs remain in the paused state for very similar amounts of time. In general,
as the pause transition number is increased, this trend is amplified, with
catastrophe frequencies and pause duration remaining fixed.
In general, MT destabilizing drugs work to increase MT catastrophe fre22

Proportion of time spent in growing, shrinking and pausing
Ntr = 1.5 Ntr = 3 Ntr = 4.5 Ntr = 6
Ntr = 7.5
Pause
3.43
7.2224
11.0418 14.0816
16.2356
Grow
89.34
74.5274 40.2019 22.4126
9.0401
Shrink
7.23
18.2502 48.7563 63.5058
74.7243
Table 6: Table showing the amount of time spent in the paused, growing, and shortening
state for an increase in the pause transition number Ntr and for the base-case parameter
set in Table 3.

quency and promote depolymerization [27]. We had assumed that an increase
in the depolymerization parameter would potentially increase MT depolymeriziation, but this was not the case. In fact, this result was also noted in
[33], and is illustrated in Figure 8 (note that the differences between each simulation are extremely small). One possible explanation for this is that when
the MT shortening rate is relatively high (> 15µm min−1 ), MTs depolymerize more quickly into free GDP-tubulin, which when converted back into free
GTP-tubulin promotes MT growth. The result of little to no change in MT
dynamics for changes in the shortening rate δ suggests that it is likely the case
that MT depolymerizing drugs (like vinblastine and vincristine, both vinca
alkaloids, or the drug colchicine), might work to alter MT dynamics through
a different pathway. At high concentrations, the vinca alkaloids have affinity
for free tubulin heterodimers, which potentially form altered/curved tubulin
dimers which can not be added to a growing MT populations. Also, at high
concentrations, colchicine promotes MT depolymerization, possibly through
increases in the hydrolysis rate. In the next section we explore how changes
in the hydrolysis rate γ h alter MT dynamics (in terms of the catastrophe
frequency and pause duration).
3.1.3. varying Ntr and growth parameter γ h
Finally we explore the catastrophe frequency and the total pause duration
as we vary the transition number Ntr and the hydrolysis rate γ h . We note
that for fixed values of Ntr (e.g., Ntr = 1.5) (see column highlighted in
pink in Table 9) that the catastrophe frequency increases as we increase
the hydrolysis rate, a result that has been theorized and tested by Gardner
et al. [14]. In addition, we note that for a fixed value of Ntr = 1.5 (see
column highlighted in pink in Table 10) that the pause duration also decreases
with increasing hydrolysis. Both of these results are illustrated in Figure 9.
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Figure 7: Time evolution of tubulin in each state for the baseline parameters described
in Table 3.(top left, α = 2, top right, α = 2.5, bottom left, α = 3 and bottom right,
α = 3.5). Shown here are the total amounts of tubulin in each state (growing ū, shrinking
v̄, pausing Q̄, along with free tubulin populations (units in µM ). The number of pause
transitions Ntr = 1.5 is held constant. As α increases, MT dynamics are dampened as we
see a decrease in oscillations in the state curves.

In particular, we note increased oscillations as hydrolysis increases, which
illustrates an increase in the catastrophe frequency. In addition, we note
a decrease in tubulin in the paused MT population (the black curve) as
we increase the hydrolysis rate. Finally, we also note an increase in the
free GTP-tubulin population and a decreases in the polymerized tubulin
populations as hydrolysis is increased, illustrating MT depolymerization. As
stated above, an increase in catastrophe frequency and MT depolymerization
are both characteristics of MT destabilizing drugs (like the vinca alkaloids),
and hence, an effect of these destabilizing drugs could be to increase the MT
hydrolysis rate for increasing concentrations.
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δ
δ
δ
δ

= 15
= 20
= 25
= 30

Catastrophe Frequency
Ntr = 1.5 Ntr = 3 Ntr = 4.5 Ntr = 6
1.1404
1.1019
0.7518
0.7908
1.6354
1.1348
0.7537
0.7927
1.2611
1.1485
0.7534
0.7935
1.1098
1.1624
0.7537
0.7929

Ntr = 7.5
0.9186
0.9207
0.9205
0.9228

Table 7: Catastrophe frequency f˜c for varying shortening rate δ and transition number
Ntr .

δ
δ
δ
δ

= 15
= 20
= 25
= 30

Pause Duration (% of Simulation time)
Ntr = 1.5 Ntr = 3 Ntr = 4.5 Ntr = 6 Ntr = 7.5
3.4075
7.2194
11.0392 14.0813 16.2356
3.4300
7.2224
11.0418 14.0816 16.2356
3.4428
7.2218
11.0424 14.0813 16.2354
3.4511
7.2206
11.0425 14.0809 16.2351

Table 8: Pause duration (as a percent of simulation time) for varying shortening
rate δ and transition number Ntr .

h

γ =4
γh = 6
γh = 8
γ h = 10

Catastrophe Frequency
Ntr = 1.5 Ntr = 3 Ntr = 4.5 Ntr = 6
0.7863
0.4824
0.4926
0.5397
1.6354
1.1348
0.7537
0.7927
1.7839
1.8389
2.0398
1.0678
1.6516
1.9905
2.7544
2.3057

Ntr = 7.5
0
0.9207
1.1349
1.395

Table 9: Catastrophe frequency f˜c for varying hydrolysis rate γ h and transition number
Ntr .

γh = 4
γh = 6
γh = 8
γ h = 10

Pause Duration (%
Ntr = 1.5 Ntr = 3
13.5938 25.4627
3.4300
7.2224
1.0693
2.2597
0.3799
0.7973

of Simulation time)
Ntr = 4.5 Ntr = 6 Ntr = 7.5
33.9754 39.4988 43.0941
11.0418 14.0816 16.2356
3.5314
5.0146
6.3096
1.2296
1.6753
2.2981

Table 10: Pause duration (as a percent of simulation time) for varying hydrolysis
rate γ h and transition number Ntr .
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Figure 8: Time evolution of tubulin in each state (polymerized and free tubulin) for
variation in the shortening rate δ as Ntr is held constant. (Top left, δ = 15; Top right,
δ = 20; bottom left, δ = 25; bottom right, δ = 30). The evolution of the pause curve
(black) remains about the same with changes in δ and is confirmed by the pause times
recorded in Table 8 as is increased. Here, Ntr = 1.5 and the other parameters are as
recorded in Table 3. Here, we see little to no change in MT dynamics, suggesting that
MT depolymerization (by for example destabilizing MAPs or drugs) might be caused by
alterations in other model parameters.
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Figure 9: Time evolution of tubulin in polymerized and free tubulin for variation in the
hydrolysis rate γ h holding Ntr at 1.5. From the top left to the bottom right, we have
γ h = 4, 6, 8, 10 µm min−1 . As the hydrolysis rate γ h increases, we see an increase in
the number of oscillations. This is indicative of an increase in the catastrophe frequency.
Depolymerization is illustrated by the increase of free-GTP and free-GDP tubulin populations (and subsequent decreases in polymerized tubulin in both the growth and paused
states).
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4. Discussion
Since the first experimental observation of MT dynamic instability four
decades ago [23], this unique dynamic behaviour, characterized by relatively
slow growth and fast depolymerization, has intrigued biologists, physicists,
and mathematicians alike. This intrigue, along with the fact that MTs are
crucial for normal cell development, has led to the development and analysis
of many mathematical models that seek to describe the dynamic behaviour of
MTs in terms of their four dynamic properties; MT growth rate, shortening
rate, catastrophe frequency, and rescue frequency.
In this work, we developed a new mathematical model, based on an extension of the work by White et al. [33] to describe dynamic instability, taking
into account not only growth or shortening, but also MT pause, a state that
to our knowledge has not been studied from a theoretical framework before.
To do so, we incorporate a new model parameter C to describe the transition
frequency into a paused state (from a growing state), which is described as
the total number of transitions into the paused state over the time course of
the simulation.
New work by Shant et al. has shown, through high resolution microscopy,
that the classical two-state model of growth and shortening does not adequately describe the more robust dynamics of MTs, in particular the existence of a paused state [19]. Here, the authors note not only transitions
of MTs to a paused state from growth, but also transitions to pause from
shortening. This could be an interesting extension to explore in future work.
In addition to our new modeling framework, we have derived a mathematical expression for time-based MT catastrophe frequency in both the
absence and presence of pause, using the method of characteristics. In our
modeling framework, the MT shortening rate, the growth parameter, and
the MT rescue propensity are all model inputs, and so we explore the dynamics of our system by calculation of the catastrophe frequency using our
newly derived expression. In addition to exploring catastrophe, we are also
able to explore the total time for which MTs spend in each of the growing,
shortening, and paused states, a useful tool that can be used to compare our
simulation results to future experiments.
After exploring our model using a base-case set of parameters (taken from
the experimental literature), we varied key parameters for which we thought
would be influenced by the implicit addition of various stabilizing MAPs,
and stabilizing and destabilizing chemotherapeutic drugs (that target MTs).
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In particular, variations in the growth parameter α and the pause transition
number Ntr had a stabilizing affect (for both stabilizing MAPs and stabilizing drugs) of decreasing catastrophe frequency and increasing pause duration.
However, each parameter had distinct effects on polymerization, where increases in Ntr lead to shorter MT populations, and increases in α lead to
roughly similar sized populations, results that are comparable to stabilizing
drugs (like taxans), and stabilizing MAPs (like +TIPs), respectively.
Additionally, we explored the effect of variations in the shortening rate
δ and the hydrolysis rate γ h . Interestingly, we noticed no change in depolymerization (in terms of increases in free-GTP and free-GDP populations)
for increases in δ. However, we did find that increases in γ h corresponded
to increases in both free-GTP and free-GDP populations (indicative of increased depolymerization), as well as increases in the catastrophe frequency.
Destabilizing MT targeting drugs like those of the vinca alkaloid family and
colchicine have the properties that they depolymerize MTs at high concentrations and increase the catastrophe frequency. Thus, it could be the case
that these drugs target the hydrolysis rate in some way.
Finally, we found that a slight increase in the pause transition number
from Ntr = 0 (corresponding to no pause) to a value of Ntr = 1.5, showed a
significant increase in the catastrophe frequency for our choice in base-case
parameters (from almost zero to 1.6354 min−1 in Figure 5). This result was
also found with all other parameter sets tested (results not shown). This
result suggests that small amounts of MT pause may be a mechanism that
plays a significant role in inducing MT dynamics, and that pausing should
be considered for a complete description of MT dynamics.
5. Appendix: Tubulin Conservation
The given system of equations [(2), (3), (4), (11), and (12)] conserves
the total amount of tubulin in the MT system (i.e., all tubulin in growing,
shortening, pausing, and free-tubulin states is conserved). Now, we consider the state space Σ = {(x, z) ∈ R2 : x ≥ z ≥ 0} with boundaries Γ1 =
{(x, z) ∈ Σ : z = 0} and Γ2 = {(x, z) ∈ Σ : x = z} (see Figure 2). Now, before we begin, let us recall the definitions
Z ∞Z x
u(t) =
u(x, z, t)xdzdx = Total tubulin in growing MTs,
0

0
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∞

Z

v(x, t)xdx = Total tubulin in shortening MTs,

v(t) =
0

and
Z

∞

x

Z

Q(x, z, t)xdzdx = Total tubulin in pausing MTs.

Q(t) =

Also, let B =

0

0



γ poly u
R(t)u



where R(t) = γ poly (p(t)) − γ h . Then equation (2)

becomes

∂u
+ ∇ · B = −cu
(27)
∂t
where ∇ = (∂/∂x, ∂/∂z). We now multiply equation (27) by x and integrate
over the state space. We do this by using the divergence theorem
for weighted


0
integrals. We consider the outer normal n which will be
on Γ1 and
−1


−1
on Γ2 so that the integration gives
1
Z

∂u
x dzdx = −
Σ ∂t

Z
∇ · Bxdzdx − cu
Σ

Z

Z



(B · n)xdσ(x) − ∇x · Bdzdx − cu
Σ


Z  poly ′ 
Z  poly ′ 
0
−1
γ u
γ u
=−
·
xdx −
·
xdzdx
−1
1
R(t)u
R(t)u
Γ1
Γ2
Z
+ γ poly u(x, z, t)dzdx − cu
Z Σ
Z
 poly

=
R(t)u(x, 0, t)xdx +
γ
− γ poly + γ h u(x, x, t)xdzdx
Γ1
Γ2
Z ∞Z x
+
γ poly u(x, z, t)dzdx − cu.
=−

∂Σ

0

0

This implies, after interchanging the order of differentiation and integra-
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tion, that
(R ∞
Z Z
λv(x, t)xdx
if R(t) ≥ 0
d ∞ x
0
R∞
u(x, z, t)xdzdx =
dt 0
R(t) 0 u(x, 0, t)xdx if R(t) < 0
0
Z ∞
Z ∞Z x
µ 2
+
p (t)ξ(x)xdx +
γ poly u(x, z, t)dzdx − cu.
∗
L
0
0
0
where L∗ is as defined in equation (7). Putting equation (7) for L∗ into the
second term on the right, we have
du
=
dt

(R ∞

λv(x, t)xdx
if R(t) ≥ 0
R∞
+ µp2 (t)
R(t) 0 u(x, 0, t)xdx if R(t) < 0
Z ∞Z x
γ poly u(x, z, t)dzdx − cu.
+
0

0

0

Similarly, we multiply equation (3) by x and integrate over x to give
d
dt

Z

∞

Z
v · xdx − δ

0

0

∞

( R∞
λ 0 v(x, t)xdx
if R(t) ≥ 0
∂v
R∞
x dx = −
∂x
R(t) 0 u(x, 0, t)xdx if R(t) < 0.

We integrate the second term on the left side of the equation above by
parts to obtain
( R∞
Z ∞
λ 0 v(x, t)xdx
if R(t) ≥ 0
dv
R∞
=−
−δ
v(x, t)dx
dt
R(t) 0 u(x, 0, t)xdx if R(t) < 0
0
R∞Rx
For easier reference, define D = 0 0 γ poly u(x, z, t)dzdx, and let A be such
that;
dq dp dv du
+
+
+
dt
dtZ dt
dt
Z ∞
∞
2
2
= µp − δ
v(x, t)dx + D − D − µp + kq − kq + δ
v(x, t)dx+
0
0
Z ∞
h
γ
xQ(x, 0, t)dx − cu
0
Z ∞
h
xQ(x, 0, t)dx − cu.
=γ

A=

0
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Now, multiply equation (4) by x and integrate over the state space. This
gives
Z ∞Z x
∂Q(x, z, t)
dQ
h
=γ
xdzdx + cu
dt
∂z
0
0

Z ∞ Z x
∂Q
h
x
dz dx
=γ
0
0 ∂z
Z ∞
h
=γ
[Q(x, x, t) − Q(x, 0, t)]dx + cu
0
Z ∞
h
= −γ
xQ(x, 0, t)dx + cu
0

Finally we arrive at,

dQ
d 
v(t) + u(t) + q(t) + p(t) + Q(t) = A +
dt
Z dt
∞

=γ

h

xQ(x, 0, t)dx − cu − γ
0

h

Z

∞

xQ(x, 0, t)dx + cu
0

= 0,
showing that the total concentration of tubulin in conserved.
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