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We model the dynamic interactions between microtubules and motor proteins.
We describe microtubule patterns that can be formed in the presence of motors.
For single motor types, we show that asters and vortices can form.
For two opposing motors, we ﬁnd that anti-parallel microtubule bundles form.
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Cytoskeletal polymers such as microtubules (MTs) interact with motor proteins to form higher-order
structures. In vitro experiments have shown that MT patterns such as asters, bundles, and vortices can
form under the inﬂuence of a single type of dynamic motor protein. MTs also can form anti-parallel
bundles, similar to bundles that form the mitotic spindle during cell division, under the inﬂuence of two
types of moving motors with opposite directionality. Despite the importance of MT structures, their
mechanism of formation is not yet understood. We develop an integro-partial differential equation
model to describe the dynamic interactions between MTs and moving motor proteins. Our model takes
into account motor protein speed, processivity, density, and directionality, as well as MT treadmilling
and reorganization due to interactions with motors. Simulation results show that plus-end directed
motor proteins can form vortex patterns at low motor density, while minus-end directed motor proteins
form aster patterns at similar densities. Also, motor proteins with opposite directionality are able to
organize MTs into anti-parallel bundles. Our model is able to provide a quantitative and qualitative
description of MT patterning, providing insights into possible mechanisms of spindle formation.
& 2015 Elsevier Ltd. All rights reserved.
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1. Introduction
Microtubules (MTs) and motor proteins interact in vivo and
in vitro to form a variety of patterns. In vivo, the organization of
MTs is directly connected to the cellular process that a cell is
carrying out (Dogterom and Surrey, 2013), such as cell division,
cell motility, and cell polarization (Karp, 1996). For example,
during cell division, MTs form two asters (as in Fig. 1 (a)) at the
spindle poles of the cell, that are separated by an anti-parallel
bundle of MTs (as in Fig. 1(b)). It should be noted that for these
processes to be carried out, it is not only motor proteins that
contribute to moving MTs into their proper organizations, but also
many other cellular components and proteins. For example, the
motor protein dynein attaches itself to the surface (with the aid of
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other cellular proteins), and it is thought to help in creating the
pushing and pulling forces on MTs that are required to properly
align the MT asters at the cell's poles during cell division (Ma et al.,
2014). In vitro, experiments show that in systems comprised solely
of MTs and motor proteins (Nedéléc et al., 1997; Surrey et al., 2001;
Nedéléc and Surrey, 2001), MTs can organize into asters, vortices,
and bundles, as shown in Fig. 1. Here, we develop a mathematical
framework to describe the interactions between moving motors
and MTs. Our goal is to describe the patterns found in vitro, and to
gain insight into how motors contribute to MT patterning in vivo.
Previously, partial differential equation (PDE) models have
been developed to describe MT patterning in MT/motor systems
(Aranson and Tsimring, 2006; Jia et al., 2008; Kim et al., 2003; Lee
and Kardar, 2001). Such models have been successful at describing
some of the MT patterns found in vitro by incorporating many of
the important mechanisms required for MT patterning. Some of
these mechanisms include motor density, speed, directionality,
processivity, as well as MT reorientation, caused by interactions

82

D. White et al. / Journal of Theoretical Biology 382 (2015) 81–90

Fig. 1. Examples of MT organization in vivo and in vitro. In vivo organizations include (a) an aster with minus ends at the center (typical of a centrosomal conﬁguration found
in non-dividing cells and moving cells), (b) an anti-parallel bundle (similar to the mitotic spindle of a typical dividing cell), and (c) parallel bundles (similar to those found
along the axon of a neuron). In vitro examples of MT patterns formed in systems comprised of only MTs and motor proteins include those described in (a), (b), and (c), but
also include (d) vortices, and (e) an aster with plus ends at the center (Nedéléc et al., 1997; Surrey et al., 2001).

with motor proteins. Here, we expand this list of mechanisms to
include MT treadmilling, motor activity (the cross-linking capability of a motor), as well as the effect of two opposing
motor types.
MTs are dynamic protein polymers formed through the selfassembly of α-, β-tubulin dimers (Karp, 1996; Wade, 2009). They
grow through the addition of GTP-bound tubulin dimers, generally
from the plus end of the MT, and shrink through dissociation of
GDP-bound tubulin at this end. The minus end of the MT is
generally more stable, being capped by stabilizing proteins. Two
primary types of dynamic movement that MTs undergo are
treadmilling (Waterman-Storer and Salmon, 1997; Mitchison and
Kirschner, 1986) and dynamic instability (Waterman-Storer and
Salmon, 1997; Kirschner and Mitchison, 1984). MT treadmilling is a
chemical process that is deﬁned as the steady-state, unidirectional
ﬂux of subunits through a polymer, as a result of continuous net
assembly at one end of a polymer and continuous net disassembly
at the other end. This type of dynamics results in the directed
(constant) motion of the MT towards its plus end. Treadmilling has
been observed in vivo, but can be difﬁcult to reproduce in vitro.
Dynamic instability refers to slow growth of a MT at its plus end,
followed by fast depolymerization and has been observed both
in vivo and in vitro.
Motor proteins are ATPases, and so are driven by the hydrolysis
of adenosine triphosphate (ATP) (Howard, 2001). By transforming
chemical energy into work, they are able to perform a number of
important functions such as walking along MTs (either towards
their plus end or minus end) and transporting molecular cargo
across the cell. Motor proteins affect MT organization by crosslinking adjacent MTs (Nedéléc et al., 1997). As motors walk along
the cross-linked MTs, they produce pushing and pulling forces that
help to reorient the MTs. Motor proteins can also slide MTs. MT
sliding occurs when a motor is attached (absorbed) to a nonmoving substrate at its cargo domain, where its free legs are able
to attach to a MT (Yokota et al., 1995; Gibbons et al., 2001). Since
the motor remains stationary, it effectively pushes the MT along its
own axis as it walks along it. Sliding has been replicated in in vitro
experiments (called gliding assays) (Yokota et al., 1995; Gibbons
et al., 2001; Tao et al., 2006; Vale et al., 1992) and has been studied
mathematically by White et al. (2014), as well as by Aranson and
Tsimring (2006) and Aranson and Tsimring (2006). For the model
developed and studied here, we do not consider MT sliding.
However, translocation of MTs by sliding is shown to be an
important mechanism for pattern formation, and is explained
brieﬂy in the discussion section of the paper.
The particular properties of motor proteins, such as their speed,
directionality, and processivity, as well as their concentrations,
determine what types of MT patterns can form. Some motors, such
as kinesin-14, are fast (0.1 μm/s) and walk towards the minus end
of a MT (and are called minus-end directed), while other motors,
like kinesin-5, are very slow (0.04 μm/s), and walk towards the

plus end of a MT (and are called plus-end directed). MT processivity refers to the length of time a motor protein attaches to and
walks along a MT (without detaching from the MT). Some motors,
like kinesin-1 (conventional kinesin), can attach to MTs and walk
long distances along them (processive), while others, like kinesin5, can only walk short distances along MTs before detaching from
them (weakly processive motors). Some motors, like kinesin-14,
can attach to MTs but cannot walk along them for any signiﬁcant
amount of time (non-processive).
For MTs, both local and non-local models have been proposed
to describe how MTs evolve in the presence of motor proteins.
Deﬁning a model as local or non-local refers to the treatment of
the redistribution part of the model; in our case, this corresponds
to MT reorientation (governed by motor proteins). Most models of
MT evolution describe MT reorientation using local diffusion-type
terms (Jia et al., 2008; Kim et al., 2003; Lee and Kardar, 2001). For
example, the model of Lee and Kardar (2001) suggests that
MTs undergo small reorientations in the presence of motor
proteins. However, we know from recent in vitro studies that large
reorientations are possible (Nedéléc et al., 1997; Nedéléc and
Surrey, 2001). Thus, models that use integral terms to describe
MT angular redistribution, that is, non-local models, are more
reasonable from a biological perspective. Non-local models
describe redistribution in terms of probabilities, and are referred
to as velocity-jump models (Othmer, 2010). Such models have a
rich history in the study of large-scale animal movement governed by certain cues that can exist over large distances (Othmer
et al., 1988). More recently, such models have been used to
describe the evolution of cellular systems (Hillen, 2006). A recent
example of such a non-local model used in MT/motor systems is
a study by Aranson and Tsimring (2006). This model uses a
diffusion term to describe small scale ﬂuctuations of MTs in the
absence of motors, and also includes a non-local term to describe
alignment of MTs as they collide with one another. The action of
the motor proteins is implicit (Aranson and Tsimring, 2006), and
suggests that motors are dispersed uniformly throughout space,
so that when two MTs interact, they instantaneously align due to
motor protein action. A second example of a non-local MT/motor
model is that by White et al. (2014), in which MT patterning is
examined using a similar integral term as in Aranson and
Tsimring (2006) to describe MT redistribution. However, in
White et al. (2014), the probability of alignment is based on
more complex interactions between MTs and motors. In particular, the probability of alignment depends on the mean MT
orientation, as well as the motor density and motor activity. Also
in the model of White et al., MT patterning occurs under the
inﬂuence of stationary motor proteins, as opposed to moving
motors. In this paper, we extend the model of White et al. (2014)
to take into account the mobility of motors.
To model motor protein dynamics, it is attractive to use a single
advection–diffusion equation to account for the combined
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dynamics of directed transport of motors along MTs, and diffusion
of motors in the absence of MTs (Aranson and Tsimring, 2006; Lee
and Kardar, 2001). However, such a model does not describe the
two possible states that motors can be in: bound or unbound.
Similar to Kim et al. (2003), we therefore separate the dynamics of
motors into two equations, one for bound motors and the other for
unbound, where an advection equation is used for bound motors
and a diffusion equation is used for unbound motors. The combined advection–diffusion system has switching terms, to describe
the rate at which bound motors detach from MTs (and become
unbound motors), and the rate at which unbound motors attach to
MTs (and become bound motors). Such a system of equations is
more biologically realistic than a single reaction–diffusion equation, because it includes the switching rates between bound and
unbound motors. These rates describe motor processivity and, as
we will see in Section 3, varying such rates can change the
qualitative MT patterns that are observed in simulations.
To summarize, our model consists of a non-local transport
equation to describe the combined dynamics of MT directed
transport by treadmilling and MT reorientation by motors, and a
pair of equations (an advection–reaction equation and a diffusion–
reaction equation) to describe the dynamics of bound and
unbound motors. Our model for MT movement is non-local
because it describes large scale reorientations of MTs using an
integral-type term. In particular, MTs can make large reorientations in the presence of motor proteins, with particular orientations more likely than others. We deﬁne the probability of
realignment, and the rate of realignment, in terms of biological
observations of interactions between MTs and motors. In particular, for the probability of MT realignment, we include a description
for how well motors can cross-link MTs (motor activity). Also, we
deﬁne a motor density dependent realignment rate. To describe
MT treadmilling, we include an advection term for MTs. At the
microscopic scale, treadmilling involves the addition and subtraction of tubulin units at opposite ends of the MTs (as explained in
Introduction). However, we do not model this small scale behavior,
but rather assume that the overall dynamics result in the directed
transport of a MT along its axis in the direction at which tubulin
dimers are added (towards the plus end). Such a description has
been used previously for modeling the dynamics of MTs in ﬁsh
melanophore cells (Cytrynbaum et al., 2006). Here, for mathematical simplicity (Hillen et al., 2015), we consider only treadmilling
(and not dynamic instability), so MTs are ﬁxed length.
In Section 2 of this paper, we outline our modeling process, and
in Section 3, we describe the simulation results. In Section 3.1, we
describe the results of simulations using one motor type, and we
show that low densities of plus-end directed motors organize MTs
into vortices. At similar motor density, minus-end directed motors
organize MTs into aster patterns. Also, we expand our model to
include two motor types (motors with opposite directionality) by

including a second pair of equations for a second bound/unbound
motor pair in Section 3.2. In Section 3.2.1, we show how combinations of aster and vortex patterns form in systems comprised of
both plus and minus-end directed motors, and in Section 3.2.2, we
show how mitotic motor proteins (motors that have properties
similar to motors found in the mitotic spindle) can form MTs into
anti-parallel bundles. We conclude with a discussion in Section 4.

2. Modeling
In Section 2.1, we describe the model development; in Section 2.2,
we describe the numerical details of simulations.
2.1. Model set-up
Our model, shown schematically in Fig. 2, describes the
dynamic interactions between MTs and motors. Here, we consider
a square domain Ω, where Ω ¼ ð0; LÞ  ð0; LÞ, to represent a
simpliﬁcation of the cross-section through a cell. We denote the
!
density of MT negative ends at time t 4 0, location x A Ω, and
!
angle θ A ½  π ; π , by pð x ; t; θÞ, where the orientation θ is
measured from the horizontal of the minus end to the MT (as
shown in Fig. 2). We assume that each motor is in one of two
states, bound (shown in red in Fig. 2) or unbound (shown in blue
!
in Fig. 2), and denote the density of each at location x and time t
!
!
by mb ð x ; tÞ and mu ð x ; tÞ, respectively. The model equations are
!
∂mb ð x ; tÞ
!
þ vb  ∇!ðmb ð x ; tÞÞ
∂t
x
!
~ u ð!
¼ kon ðpÞm
x ; tÞ koff mb ð x ; tÞ;
!
∂mu ð x ; tÞ
!
!
~ u ð!
 Du Δ!mu ð x ; tÞ ¼ kon ðpÞm
x ; tÞ þ koff mb ð x ; tÞ;
∂t
x
!
∂pð x ; t; θÞ
!
!
þ SMT θ^  ∇!pð x ; t; θÞ ¼  λðmb Þpð x ; t; θÞ
x
∂t
Z π
!
þ λðmb Þ
kðθ; θ~ ; mb Þpð x ; t; θÞ dθ~ :
π

ð2:1Þ

ð2:2Þ

ð2:3Þ

Eq. (2.1) describes directed transport of motors along MTs and
Eq. (2.2) describes the diffusion of unbound motors. Also, both
Eqs. (2.1) and (2.2) have terms to describe switching between
populations of bound and unbound motors. Eq. (2.3) describes
treadmilling of MTs, as well as the alignment of MTs by their
interactions with bound motors.
The right-hand side of Eqs. (2.1) and (2.2) state that bound
motors detach from MTs at a rate koff and that unbound motors
~ Here,
become bound motors by attaching to MTs at a rate kon ðpÞ.
~ depends on the
the rate koff is constant, whereas the rate kon ðpÞ
R
!
π
~ !
total MT density pð
x ; tÞ ¼  π pð x ; t; θÞ dθ at each point in the
domain and at each time. For simplicity, as well as for mathematical reasons (Hillen et al., 2014), we assume that kon is a
(bounded) ﬁrst-order Hill function with respect to the total MT
~ That is,
minus-end density p.
max

~ ¼ kon
kon ðpÞ

Fig. 2. Schematic of microtubules in a 2D square domain of length L. Microtubules
are shown in black, where the arrow represents the plus end. Also, microtubule
orientation is measured from the horizontal of the minus end of the microtubule.
Bound motors are red, and unbound motors are blue. (For interpretation of the
references to color in this ﬁgure caption, the reader is referred to the web version of
this paper.)
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p~
;
1 þ p~

ð2:4Þ

where kmax
is the maximum rate of attachment. For processive
on
motors, koff will be low and kmax
will be high, and for nonon
processive motors the opposite will be true. Values of koff and
kmax
for processive and non-processive motors are speciﬁed in
on
Table 1.
The left-hand side of Eq. (2.1) states that motors move along
MTs at a constant speed in the direction of the mean MT
orientation. Here, we deﬁne the mean MT orientation vector at
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Table 1
Model parameter values and sources for the full model.
parameter

value

meaning

source

J vb J ConvKinesin
J vb J NCD
J vb J slow
kon high
kmax
on low
koff low
koff high
Du
SMT high

0:8 μms  1
0:12 μms  1
0:04 μms  1
10 s  1

Speed of conventional kinesin in vitro
Speed of NCD motor in vitro
Max speed kinesin-5 in vitro
Max attachment rate for processive motors

Howard, 2001
Hentrich and Surrey, 2010
Hentrich and Surrey, 2010
Surrey et al., 2001

0.1 s  1
0.1 s  1
10 s  1
0:2 μm2 s  1
0:12 μms  1

This paper
Surrey et al., 2001
This paper
This paper
Rodionov et al., 1999

SMT low
λmax
C low
C high

0:04 μms  1
40 s  1
0.1
25

Max attachment rate for non-processive motors
Dissociation rate of processive motors
Dissociation rate of non-processive motors
Diffusion constant for motors
Treadmilling speed of interphase MTs released from
the centrosome of ﬁbroblastic cells in vitro
Typical treadmilling speed of MTs grown in vitro
Switching rate of MTs
Motor activity parameter
Motor activity parameter

max

Rodionov et al., 1999
This paper
This paper
This paper

Fig. 3. (a) MT redistribution kernel k (Eq. (2.10)) centered at mean μ¼0 for different values of α. (b) (i) A group of MTs with different orientations whose minus ends are
centered at the same point. (ii) The mean orientation of MTs μ in (i) is shown in black and a possible angle of reorientation θ is shown in red. (iii) The mean orientation of MTs
μ in (i) is shown in black and a second possible angle of reorientation θ is shown in red. It is more likely for MTs to be reoriented to the angle θ in (ii) (rather than the angle θ
in (iii)), as a result of the assumptions we make. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

each point in space by μ^ ¼ ðμx ; μy Þ, where the horizontal and
vertical components μx and μy are given by Eqs. (2.5) and (2.6),
respectively, and describe the integral mean of the x and y
components of the MT orientation, where x ¼ cos ðθÞ and
y ¼ sin ðθÞ.

μx ¼

μy ¼

Rπ

!
cos ðθÞpð x ; t; θÞ dθ
Rπ
!
 π pð x ; t; θ Þ dθ

ð2:5Þ

!
sin ðθÞpð x ; t; θÞ dθ
Rπ
!
 π pð x ; t; θ Þ dθ

ð2:6Þ

π

Rπ

π

The mean angle

μ (written as a scalar value) is given by

μ ¼ arctanðμx =μy Þ þ jπ ;

ð2:7Þ

where j¼ 0 if μx 40, j ¼  1 if μx o 0 and μy o 0, and j¼ 1 if μx o 0
and μy 4 0.
It has been found that motor protein speed depends on
whether the motor protein is carrying a light or heavy load (the
lighter the load, the faster the motor) (Howard, 2001). Also, it has
been found that motor speed may depend on the number of
motors present (the more motors present, the slower the speed).
However, in this paper we will neglect load mass and motor

density and write the velocity vb in the following way,
!

vb ¼  J vb J μ^ ¼  J vb J

μx
μy :

ð2:8Þ

Here, the speed J vb J is constant, and the negative sign
accounts for the fact that we are considering minus-end directed
motors (like kinesin-14), where such motors move in a direction
that is opposite to the mean MT orientation vector μ^ (a unit
vector). If we are considering plus-end directed motors (like
kinesin-1), we change this sign to positive.
The second equation for motor movement, Eq. (2.2) states that
unbound motors diffuse freely in the absence of MTs with
diffusion constant Du. In the presence of MTs, we have similar
switching terms as the bound motors in Eq. (2.1). That is, unbound
~ and bound motors become
motors attach to MTs at rate kon ðpÞ
unbound motors at rate koff .
Finally, the equation for MT movement given by Eq. (2.3)
describes the time evolution of MTs due to the fact that MTs can
move in a directed path by treadmilling and can realign due to
their interactions with moving motors. The expression on the left
side of Eq. (2.3) accounts for directed MT motion along the axis of
!
cos ðθÞ
^
^
the MT θ with constant speed SMT, where θ ¼
.
sin ðθÞ
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Fig. 4. The initial conditions for the model. (a) Motor density is ﬁxed and uniform in space. (b) MT density is initially uniform. Red represents high density. (c) A schematic of
the mean MT orientation μ at each point in space. (d) A schematic of the full MT orientation distribution at two points in space (only four possible orientations and two
spatial locations are shown for clarity). (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

Low density

High density

Fig. 5. MT density color bar. In this and all subsequent ﬁgures, colors vary from low
MT density (blue) to high MT density (red). (For interpretation of the references to
color in this ﬁgure caption, the reader is referred to the web version of this paper.)

The last terms on the right-hand side of Eq. (2.3) represent
non-local interactions between MTs. In particular, it is the stochastic part of the model and describes a velocity jump process for
MT reorientation (Othmer, 2010; Othmer et al., 1988). Such
processes are commonly used to describe systems that exhibit a
sequence of ‘runs’ (directed motion) separated by reorientations.
At any instance, the MT can change its orientation when in the
presence of motor proteins, and does so at the rate λðmb Þ. We
choose λðmb Þ to be a Hill function with respect to the bound motor
density mb. That is,

λðmb Þ ¼ λmax

mb
;
1 þ mb

ð2:9Þ

where λmax is the maximum switching rate. We choose this type of
function since we expect the switching rate to saturate at a
maximum value. The term kðθ; θ~ ; m Þ is a probability density
b

function describing a reorientation of a MT from the angle θ~ to
θ (and depends on mb). We choose k to be a Von Mises distribution
(Othmer et al., 1988; Johnson and Kotz, 1970)
kðθ; θ~ ; mb Þ ¼

1
2π I 0 ðαðmb ÞÞ

expðαðmb Þ cos ðθ  μÞÞ;

ð2:10Þ

where I 0 ðαðmb ÞÞ is a modiﬁed Bessel function of order 0 with

parameter αðmb Þ, and μ and 1=αðmb Þ are the mean and variance of
the distribution, respectively. Fig. 3(a) illustrates k centered at
mean μ ¼ 0 for various values of the variance 1=αðmb Þ.
In the limits of α going to zero and inﬁnity, we get
lim pðθÞ ¼

α-0

1
;
2π

lim pðθÞ ¼ δðμÞ;

α-1

ð2:11Þ
ð2:12Þ

where δðμÞ is the dirac delta functional and can be deﬁned
(loosely) by
(
1 if θ ¼ μ
δ ðθ Þ ¼
0
if θ a μ:
Our choice of k implies that the probability of recruitment of a
!
MT at a point x to an angle θ depends only on how close that
angle is to the mean MT orientation μ (described in Eq. (2.7)). In
particular, the probability of recruitment does not depend on the
angle from which the MT came, namely θ~ . This assumption not
only allows the model to be analyzed more easily, since k can be
pulled outside of the integral term in Eq. (2.3) (as explained in

Hillen et al. (2014)), but it is also biologically realistic. In Fig. 3(b),
!
we describe how, at every time step, and at every location x , the
MT network tends to align towards its mean μ.
Since we have assumed that MTs tend to align to the mean MT
orientation μ in the presence of bound motors mb (and that there
is no alignment when there are no motors present), we choose
αðmb Þ to be some monotonically increasing function of mb, so that
when many bound motors are present, the distribution is concentrated about the mean μ, and alignment is more likely. Also, if
mb is very small, the distribution is close to uniform, and alignment is less likely. We call αðmb Þ the alignment function, and can
choose it to be any monotonically increasing function with respect
to mb. For simplicity we choose αðmb Þ to be a linear function with
respect to mb so that,

αðmb Þ ¼ Cmb ;

ð2:13Þ

where we call C the motor activity parameter. For a ﬁxed value of
mb, alignment is more likely for large values of C. That is, motors
with larger values of C are more effective cross-linkers. Similarly,
for a ﬁxed value of C, alignment is more likely for large values of
mb. Table 1 is a summary of model parameters used in this paper.
2.2. Boundary conditions and numerical scheme
!
For simplicity in reading, we write pð x ; t; θÞ ¼ pðx; y; t; θÞ,
!
where x ¼ ðx; yÞ, and consider only periodic boundary conditions,
mb ð0; y; tÞ ¼ mb ðL; y; tÞ;
mu ð0; y; tÞ ¼ mu ðL; y; tÞ;
pð0; y; t; θÞ ¼ pðL; y; t; θÞ; pðx; 0; t; θÞ ¼ pðx; L; t; θÞ:

ð2:14Þ

Periodic boundary conditions are appropriate because the
experiments to which we compare our simulation results are
conducted on large domains (Surrey et al., 2001) where boundary
effects are negligible.
To simulate the advection parts of the model (the left-hand side
of Eqs. (2.1) and (2.3)), we use a ﬁrst-order upwind scheme at each
location. The direction of the upwind velocity depends on the MT
direction θ. For example, if θ ¼ 3π =4, the direction vector
ðθ Þ
 0:7071
θ^ ¼ ð cos
sin ðθ Þ Þ ¼ ð 0:7071 Þ, and we perform upwinding in the negative
x direction and upwinding in the positive y direction. To simulate
the diffusion part of Eq. (2.2) we use an explicit central difference
scheme. By using such a scheme, we are restricted to studying
motors with slow diffusion rates. In future studies, we will test
more realistic, faster diffusion rates, perhaps by developing an
implicit-type diffusion scheme.
To simulate the integral term on the right-hand side of Eq. (2.3),
we use the Trapezoid Rule. All simulations are implemented in
Matlab using custom code, using a 60  60 unit spatial grid (each
unit C 1:0 μm, so we are looking at a medium sized cell of size
60  60 μm2 ) and an angular grid between  π and π with a step
size of π =32. Simulations on smaller angular grids show similar
results.
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Fig. 4 describes the motor distribution and the initial conditions for MTs. Fig. 4(a) describes the initial motor distribution.
Fig. 4(b) illustrates the initial MT density, which is chosen to be
uniform throughout the entire domain ( C0.1 μm  2 ), Fig. 4
(c) illustrates the initial mean MT orientation at each spatial
location, and Fig. 4(d) illustrates the orientational distribution at
each spatial location (each MT is assigned a random orientation
between  π and π). Each color represents a different orientation,
and the length of the vector is proportional to the density of MTs
oriented along that direction. To keep the schematic less clustered,
we only show four possible orientations, and 20 spatial locations.
However, for our simulations, we allow a total of 64 possible
orientations for MTs at each spatial location. Fig. 5 illustrates MT
density, where high MT density corresponds to red and low MT
density corresponds to blue (initially, MTs are uniform everywhere
in space so the color is red everywhere, as shown in Fig. 4(b)).

3. Results of numerical simulations
In this section, we describe numerical results for the full model
given by Eqs. (2.1), (2.2) and (2.3) using periodic boundary
conditions. We describe MT patterns that are observed from the
simulation of these equations using parameter values that are
representative of motor proteins used in in vitro experiments
(Nedéléc et al., 1997; Surrey et al., 2001). The parameters speciﬁc
to motors are bound motor speed J vb J , the max attachment rate
kmax
on , and the detachment rate koff. Values for these parameters are
found in Table 1.
For MT dynamics, we choose the maximum switching rate λmax
to be the same in every simulation, the treadmilling speed SMT to
be low (unless stated otherwise), and the motor activity C to be
low (values found in Table 1). The reason we choose a low value
for C is that we describe MT patterns formed for various values of
the motor density (low, moderate, and high), and since the
alignment function αðmb Þ depends directly on both C and mb
(alignment function given by Eq. (2.13)), an increase in mb has a
similar effect as an increase in C. Also, when we describe patterns
as being at steady-state, this means that patterns are stable and do
not change with time (veriﬁed by the inspection of images after
long-time simulation n).
In Section 3.1, we show results for simulation of MT/motor
systems comprised of a single processive motor type, and in
Section 3.2, we show results for MT/motor systems comprised of
two opposing motor types. In all Figs. 6–12 (except the motor
protein plots shown in Figs. 10 and 12), the ﬁrst plot
(a) corresponds to the MT density in the (x, y) plane, the second
plot (b) corresponds to the mean MT orientation at each spatial
point in the (x, y) plane, and the third plot (c) corresponds to an
enlargement of (b) over a small portion of the domain.
3.1. MT patterning in the presence of one motor type
In this section, we investigate MT patterning under the inﬂuence of one processive motor type, where the maximum attachment rate kmax
is high and the detachment rate koff is low. We
on
consider NCD-type motors (where the bound motor speed J vb J is
high and negative), or conventional kinesin-type motors (where
the bound motor speed J vb J is very high and positive).
Fig. 6 shows steady-state results for a low density of NCD-type
motors. We ﬁnd that for low motor density and low MT treadmilling speed SMT, MTs form stable, minus-end focused asters at
steady state, where motors (bound and unbound) are located at
the center of the asters (motor results not shown). If we increase
motor density to moderate and high values, 0:1 and 1:0 μm2 ,
respectively, the asters persist. However, the number of asters

increases as we increase motor density. We considered high MT
treadmilling speeds SMT, and results were similar: motors are able
to focus MTs into minus-end focused asters (results not shown).
For plus-end directed kinesin-type motors, we ﬁnd that plusend focused asters form at low and high motor densities (results
not shown). However, if we double the MT treadmilling speed SMT,
vortices form at low motor densities, as shown in Fig. 7. We deﬁne
vortex formation as rotation about a point (i.e., rotation can be
circular or ellipsoidal, and can be directed in or out). For higher
motor density, asters form instead of vortices, similar to the case
where we have low MT treadmilling speed. Similar to NCD motors,
both bound and unbound motors are located at the centers of each
aster or vortex (results not shown).
3.2. MT patterning in the presence of two opposing motor types
In this section, we investigate MT patterning under the inﬂuence of two types of motors with opposing directionality. In this
case, the model given by Eqs. (2.1) and (2.3) includes two more
equations, similar to Eqs. (2.1) and (2.2), for the second class of
motor protein considered. The only change to this class of motors
is a change in sign in front of the advection term for bound motors
in Eq. (2.1). In Section 3.2.1, we choose motor parameter values
similar to those used in the previous Section 3.1. In Section 3.2.2,
we show results for systems comprised of two opposing motor
types that are found in the mitotic spindle during cell division
(Wordeman, 2010).
3.2.1. Two processive motors
Here, we consider a system consisting of the two processive
motors used in the previous section (similar to the motors used in
Surrey et al. (2001)). That is, we consider the moderately fast,
processive, minus-end directed NCD motors and the faster, processive, plus-end directed conventional kinesin motors.
First, we consider the case where the MT treadmilling speed is
low. As shown in Section 3.1, both plus- and minus-end directed
motors alone focus MTs into asters at all motor densities when the
treadmilling speed is low. Fig. 8 shows results for low (and equal)
motor density, and low treadmilling speed for MTs when both
motor types are present. We obtain a mixture of plus-end focused
and minus-end focused asters. We ﬁnd that the asters are very
tight (small and isolated from one another) and so they are very
difﬁcult to see, unless we enlarge a small portion of the domain (as
in Fig. 8(c)). As we increase motor density, the number of asters
increases, making it increasingly difﬁcult to distinguish one aster
from another. Kinesin motors are located at the center of plus-end
focused asters and NCD motors are located at the center of minusend directed asters (results not shown).
As a second example, we consider the case where MT treadmilling speed is high. In this situation, previous simulations from
Section 3.1 show that conventional kinesin motors alone will form
vortices at low motor density and asters at higher motor densities,
while NCD motors form asters at all motor densities. Here, we
select a low (and equal) motor density for each motor type to test
whether systems comprised of vortices and asters exist. In Fig. 9,
we show results when both motor types are present and treadmilling speed is high. We ﬁnd mixtures of vortices (formed by
kinesin motors) and asters (formed by NCD motors). Fig. 10 shows
that kinesin motors (bound and unbound) are found at the center
of vortices, while NCD motors (bound and unbound) are found at
the center of minus-focused asters.
3.2.2. Example of two opposing motors found in the mitotic spindle
In this section, we test what patterns can be observed in the
presence of two opposing motor types with properties that are
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Fig. 6. Steady-state minus-end focused asters for NCD-type motors at moderate motor density and low treadmilling speed. Here,
¼ 10=s, koff ¼ 0:1=s, and
J vb J ¼ 0:12 μm/s and total motor density is moderate (0:1 μm  2 ). (a) MT density; (b) MT orientation; (c) Region of MT orientation plot enlarged to show a single aster
on a small patch of the domain. Blue arrows highlight a minus-end focused aster. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to
the web version of this paper.)
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similar to those found in the mitotic spindle (Wordeman, 2010). In
particular, we use parameters for the minus-end directed motor,
kinesin-14, and the plus-end directed motor, kinesin-5. Kinesin-5
is sometimes found to be processive, while at other times it is
weakly processive. Here, we choose the motor to be processive
and the speed to be its in vitro speed (as recorded in Table 1).
Kinesin-14, also referred to as mitotic NCD, is non-processive in
the mitotic spindle. Thus, it is different from the processive NCD
construct used in the previous section. In particular, for the

following simulations of kinesin-14, we use values for koff and
kmax
that correspond to a very weak/non-processive motor
on
(Table 1). Fig. 11 shows the results for MT density and orientation
when both kinesin-14 and kinesin-5 are present and Fig. 12 shows
results for the densities of both bound and unbound motors. Fig. 11
shows large patches where anti-parallel MT bundles form in the
presence of kinesin-14 and kinesin-5 at equal (and low) densities.
Also, Fig. 12 shows that plus-end kinesin-5 motors are located in a
string-like pattern corresponding to the locations of the plus ends
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Fig. 9. A mixture of vortices and asters forms in systems of NCD and conventional kinesin when treadmilling speed is high. Here, kon ¼ 10=s, koff ¼ 0:1=s for both motors,
J vb J ¼ 0:8μm=s for kinesin, J vb J ¼ 0:12μm=s for NCD, and motor density for each motor is low (0:05μm  2 ). (a) MT density; (b) MT orientation; (c) Region of MT orientation
plot enlarged to show a single aster and a single vortex on a small patch of the domain. Red arrows highlight a vortex and blue arrows highlight an aster.

Fig. 10. Location of bound and unbound motors for (a, b) NCD motors, and (c, d) kinesin motors from the simulation shown in Fig. 9.
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Fig. 11. Anti-parallel bundles form in systems of kinesin-14 (mitotic NCD) and kinesin-5 when treadmilling speed is low. Here, kon ¼ 0:1=s and koff ¼ 10=s for kinesin-14,
max
and kon ¼ 10=s, koff ¼ 0:1=s for kinesin-5. J vb J ¼ 0:12 μm/s for kinesin-14, J vb J ¼ 0:04 μm/s for kinesin-5, and motor density for each motor is low (0:01 μm  2 ). (a) MT
density; (b) MT orientation; (c) Region of MT orientation plot enlarged to show anti-parallel bundling on a small patch of the domain. Green arrows highlight a string of antiparallel MTs. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

of the MTs. Minus-end directed kinesin-14 motors are more evenly
dispersed, but are not located in regions where plus-end directed
kinesin-5 motors are located.

4. Discussion
In this paper, we have developed a model to represent the
dynamic interaction between mobile motor proteins and MTs. In
particular, we describe interactions of MTs with two motor
constructs, processive kinesin and processive NCD, also used in
the in vitro experiments of Surrey et al., 2001. We also simulate our

model using properties speciﬁc to mitotic motors to obtain antiparallel bundle patterns that are found in vivo.
For NCD-type motors, we ﬁnd that MTs form stable minusend focused asters with motors located at aster centers. This is
true for low to high motor densities and for low to high MT
treadmilling speeds. These results are consistent with experimental results found by Surrey et al. (2001), who showed that
MTs form minus-end focused asters for low and high NCD motor
densities.
For plus-end directed kinesin-type motors, we ﬁnd that vortices can form at low motor densities and for high MT treadmilling
speeds, where motors are located at the vortex centers. At higher
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Fig. 12. Location of bound and unbound motors for (a, b) kinesin-14 (mitotic NCD) motors, and (c, d) Kinesin-5 motors from the simulation shown in Fig. 11.

densities (and lower MT treadmilling speeds) such vortices do not
form, but plus-end focused asters form instead, consistent with
Surrey et al. (2001).
In systems comprised of both motor types described above,
results show that either systems of asters and vortices form, or
systems of only asters form (minus and plus-end focused asters).
Similar results are discussed in Surrey et al. (2001).
Finally, for systems with mitotic kinesin-14 and kinesin-5
motors, simulation results show that large string-like bundles of
anti-parallel MTs form, where MT plus ends meet at the antiparallel bundle midzone. This result is consistent with patterning
observed during mitosis in vivo. That is, MTs form anti-parallel
bundles (the mitotic spindle) during cell division, and MT plus
ends are located at the midzone of the anti-parallel bundles (Karp,
1996). While many other components are involved in forming the
mitotic spindle in vivo, the model results suggest that two
opposing mitotic motors may play a critical role in forming this
structure. Indeed, in vitro studies by Mitchison et al. have found
that, in systems where MTs stabilized by taxol (Zhou and
Giannakakou, 2005) are mixed with the mitotic motors dynein
and kinesin-5, as well as other mitotic proteins such as Aurora B
and Kif4, MTs are able to slowly stabilize into patterns of antiparallel bundled lines or open circles (referred to as pineapples). In
both our simulations and the experiment of Mitchison et al.
(2013), the bundled lines are ordered so that the plus ends of
the MTs meet in the midzone of each line.
It should be noted that, for the resulting patterns to form, the
model requires an advection-type term. Here, we assume treadmilling is the mechanism for directed transport. Alternatively, we
could describe directed transport of MTs using a sliding mechanism, as investigated by us in White et al. (2014) (sliding under the
inﬂuence of stationary motors), as well as by Aranson and
Tsimring (2006) (sliding under the inﬂuence of moving motors).
Unlike treadmilling, for sliding, translocation may be directed to
either the plus-end direction of a MT (under the inﬂuence of
minus-end directed motors), or towards the minus-end direction
(for plus-end directed motors). Also, different from treadmilling,
sliding occurs only in the presence of motors, and so translocation
due to sliding would depend on motor density. It would be
interesting to incorporate such a mechanism into our model in
future investigations.
In conclusion, by simulating a mathematical model for MT
evolution in the presence of moving motor proteins, we have
found MT patterns similar to those found in vitro and in vivo. In
particular, we have found that MT patterns such as vortices, asters,
and anti-parallel bundles can form in the presence of different
types of motor proteins, where such patterns depend on the
particular properties of such motor proteins. Our results are

consistent with experimental data that suggest MT patterning
depends on motor speed, directionality, processivity, and concentration, as well as MT treadmilling and MT alignment caused by
interactions with motors. Our model was also expanded to include
dynamic interactions of MTs with two motor types (and not just
one type as in previous models). In doing this, we were able to
describe anti-parallel bundling, something that has not been done
with previous models.
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